Large-eddy simulations of imperfectly expanded jet flows from a convergent-divergent nozzle with a heated (600K) and a cold jet conditions have been carried out. Mach wave radiation is present outside the jet core and the heated jet shows a much larger density shear-layer spreading than the cold jet. The potential core length is shortened, but the shock-cell shape and shock-cell spacing remain similar to those shown in the cold jet. It is found that the Crocco-Busemann equation captures well the correlation between the temperature and the axial velocity in the cold jet, but it underestimates the nonlinear variations in the shock-containing region in the heated jet. Temperature effect has more impact on the high-frequency components of pressure fluctuations near the nozzle exit, but the impact moves to low-and mid-frequency ranges further downstream. The convection speed of the near-field pressure waves increases with the temperature. The addition of inflow random pressure perturbations increases the velocity shear-layer spreading and turbulence intensities near the nozzle exit, but it reduces the screech intensity and the peak intensity of the overall pressure fluctuation level. The heated jet is found to be more sensitive to the inflow pressure perturbations than the cold jet.
I. Introduction
Since the exhaust plume of a high performance, supersonic military aircraft is invariably at a higher temperature when compared to that of the ambient air, it is important to understand the temperature effects on jet flows and noise properties. Experimental observations have shown that the elevated exhaust temperature over the ambient air affects the noise characteristics [1] [2] [3] [4] . A heated supersonic jet has a larger density gradient cross the shear layer compared to a cold or isothermal jet. This large density gradient would generate stronger instability waves and increase mixing and turbulence levels. In addition, the high temperature of a supersonic heated jet increases the jet speed, which causes instability waves to propagate downstream with a supersonic velocity relative to the ambient sound speed and generate intense Mach wave radiation and also increase mixing noise [5] . For a fully expanded supersonic jet, the peak angle of noise radiation moves upstream with increasing temperature [1, [3] [4] , and the impact of high temperature on the turbulence is mostly accountable by the change of momentum due to the decrease of density [3] .
In addition, the jet core length shortens with the increase of temperature up to a certain level. For an imperfectly expanded jet where shocks are present, the influence of temperature on the shock structure appears to be minor, but 2 at sufficiently high temperatures, the screech tones tend to disappear. The mixing component of the noise increases with temperature, but the increase of the shock-associated noise is relatively smaller. This may decrease the effectiveness of some noise reduction techniques that work well for cold jets where shock-associated noise is a significant portion of the overall noise [5] .
Since large eddy simulation (LES) of jet flows compute the energy containing scales and capture the nonlinear sound generation process in the near field, it has the potential to improve the prediction of jet flows and be a useful tool to assess noise reduction techniques for both civil and military aircrafts. Progress in using LES to simulate subsonic heated jets has been made and some key studies can be found in Refs. [6] [7] [8] [9] [10] , but relatively less progress has been made for simulating supersonic heated jets, especially those that contain shocks. Mendez et al. [11] has rigorously tested their finite volume unstructured LES solver with both isothermal and perfectly expanded heated supersonic jets, and carefully evaluated the artificial dissipation introduced by their LES approach to the turbulent jet flows. Shur et al. [10] have taken a systematic approach and simulated a wide range of jet conditions, including an underexpanded jet with both cold and heated temperatures. The results are in good agreement with available experimental data. Recently Caqueray et al. [12] have carried out simulations of an overexpanded axisymmetric circular jet at an exit Mach number of 3.30 and exit temperature of 360K. Their near-field overall pressure levels are in a fair agreement with experimental data. The contributions from different modes to the near-field acoustic properties have been investigated.
In the past, we have applied LES to study the imperfectly expanded cold jets and the noise properties of a C-D nozzle that is similar to those used in military aircraft and have also investigated some noise reduction techniques, such as chevrons and fluidic injection [13] [14] [15] . Since the jets from such engines are inevitably hot, we would like to further the investigation of the temperature effect on shock-containing heated jets and also assess the effectiveness of noise reduction techniques at elevated temperature conditions. The study reported in this paper primarily focuses on the numerical component of a joint research effort on the temperature effect on supersonic jet noise with experiments to be conducted at the University of Cincinnati (UC) and numerical simulations at the Naval Research Laboratory (NRL). The computational methodology is similar to what we have presented in a previous paper [13] , where large-eddy simulations for several nozzle pressure ratios under both over-expanded and under-expanded jet conditions have been presented.
II. Nozzle Geometry and Methodology
The nozzle geometry shown in Fig. 1 , is the same converging-diverging (C-D) nozzle as reported in Ref. [13] .
They are representative of practical military engine nozzles, which do not have smoothly varying contours designed by the method of characteristics to produce shock-free jet flows at the design condition. Instead, they typically have a conical converging section, a sharp throat and a conical diverging section, which allows the area ratio to be changed in flight to adapt to local conditions and thrust requirements.
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The unsteady three-dimensional inviscid, compressible flow equations are solved with a finite element code FEFLO on unstructured tetrahedral grids [16] . The Flux-Corrected Transport (FCT) algorithm [17] with a nonclipping flux limiter is used for the spatial discretization and a fourth order Taylor-Galerkin scheme is used for the time integration [18] . No explicit subgrid scale model is used and the embedded flux limiter implicitly provides the modeling of subgrid scales. The present simulations are in the category of monotonically integrated large eddy simulations (MILES).
Similar to the approach used in Ref. [13] , the nozzle boundary layer is not implemented inside the nozzle to reduce the turnaround time. This would produce a laminar flow at the nozzle exit and the flow would take some downstream distance to evolve to turbulent flow. To speed up this transition, we have adopted an approach similar to what used in Ref. [12] . A small amount of random pressure perturbations is added inside the nozzle near the C-D nozzle surfaces. The perturbation is random in space at a small time interval. Slip boundary conditions are used for all wall surfaces, and characteristic boundary conditions are used at both the inlet surface and far-field boundaries.
Damping is applied in the far-field region to avoid wave reflections.
Since the shear layer near the nozzle lip is thin, a fine-mesh layer with a cell size of 0.0035D is clustered around the nozzle lip and extends to 0.5D downstream. The mesh size gradually increases to 0.033D in the downstream direction and this mesh size is used up to 27D downstream. In the radial direction, the mesh size gradually increases from 0.033D to 0.066D, and the radius of this coarser mesh domain is 1.5D near the nozzle exit and 4D after the axial location of 10D. 
III. Results and Discussion
The total nozzle temperatures presented here are 300K and 600K, and the ambient temperature is 300K. The nozzle design Mach number is 1.5 and the perfectly expanded nozzle pressure is 3.7. The nozzle pressure ratio used in the current simulations is 4.0, which is mildly underexpanded. Figure 2 shows an instantaneous density distribution. It can be seen that shocks are present in the jet wake and Mach wave radiation can be vaguely observed outside the jet core. This Mach wave radiation can be see more clearly in Fig. 3 , where the instantaneous static pressure at small magnitudes along with an optical visualization of Mach wave radiation by Oertel [19] Axial velocity distributions near the nozzle exit are shown in Fig. 4 , where results with and without inflow pressure perturbations are presented. The random pressure perturbations with two amplitudes are tested: one is 0.5% of the local pressure value and another is 1.0%. It can be seen that a small amount of perturbations added inside the nozzle increases the shear layer growth near the nozzle exit, but it also shrinks slightly the jet core size downstream and obscures more the shock-cell structures. Mach disks are generated where shock wave converges to the jet center.
Since Mach disks are normal shock waves, the velocity and the total pressure behind Mach disks are reduced. The extent of the reduction depends on the strength of these normal shocks. Figure 5 shows axial velocities and the total pressures at the centerline. This total pressure is the total pressure behind normal shocks using the local Mach number. The results of both cold and heated jets with and without inflow perturbations along with the available measurement data are presented. The total pressure near the nozzle exit at the centerline is much reduced because of the Mach disk generated inside the nozzle as shown in Fig. 4 . The measurement data, however, show less reduction probably because the effect of Mach disks is confined into a region with a very small radius (<= 0.06D) and it may be difficult to pinpoint this region in the measurement. Results at a radius of 0.1D that is slightly beyond the region impacted by the Mach disks are also presented in Fig. 6 . The total pressure at the exit agrees well with the 1D inviscid analysis. The shock-cell shape, shock-cell spacing and the potential core length, all agree well with the 5 measurement data in the cold jet. Compared to our earlier work shown in Ref. [13] , the increased grid resolution near the nozzle exit along the lip line reduces slightly the jet core length, producing a slightly better comparison between the measurement data and the LES prediction. The heated jet reduces the potential core length by around 2D, but the shock cell shape and shock cell spacing remain the same. The jet core length is roughly 9.5D for the cold jet and 7.5D for the heated jet, which are close to those predicted by Witze's formulation [21] , which predicts 10.2D
for the cold jet and 7.2D for the heated jet. It appears that the addition of inflow perturbations reduces the shock cell spacing, but it has a minimal effect on the jet core length for this jet condition. However, we found that adding inflow turbulence does increase the jet core length for over-expanded jet conditions slightly. One of the major differences between the cold and heated jets is the radial gradient of the temperature and density distributions. The cold jet has lower temperature and higher density than the ambient values, but the trend in the heated jet is opposite. Figure 7 shows the non-dimensional temperature distributions,
with those given by the Crocco-Busemann equation [22] using the velocity distribution predicted by LES.
€ T ∞ is the ambient temperature and an unit Prandtl number is assumed. The heated jet has a much larger shear-layer spreading than the cold jet. Crocco-Busemann equation captures well the correlation between the velocity and the temperature in the cold jet, but it underestimates the temperature nonlinear variations in the shock-containing region in the heated jet. To have a more quantitative comparison, the temperature profiles along with velocity profiles at several axial locations are shown in Fig. 8 . It can be seen that velocity profiles of both cold and heated jets lie between the ! p / p " 6 temperature profiles at each axial location. The increased velocity difference after x = 9D is caused by the difference of the jet potential core lengths, and this difference is expected to reduce if the axial coordinate is scaled by the core length rather than by the nozzle exit diameter. In addition, similar to what we have seen in Fig. 7 , results given by Crocco-Busemann equation agree remarkably well with the LES prediction in the cold jet, however, the comparison is not as good in the heated jet, where Crocco-Busemann equation predicts a lower temperature in compressionwave regions such as those at the nozzle exit and at 3.0D downstream and a higher temperature in expansion-wave regions and in the region downstream of the potential core, where the static pressure is slightly lower than the ambient value.
The density profiles predicted by Crocco-Busemann equation were used by Panda to compare his measurement data of a subsonic heated jet [23] , and a good agreement was found between these two approaches. [3] , turbulence quantities show a better collapse when the axial coordinate is scaled by the potential core length. The peak magnitude along the centerline is located around 1.3 Xc (Xc is the potential core length), and the axial location with the peak magnitude along the lip line has a much broader range from roughly 0.7 Xc to 1.5 Xc.
The heated jet shows a higher peak magnitude. The turbulence quantities at the centerline modulate with shock cells, but this modulation is much less on the lip line, since the shock cells are formed by the reflection from the shear layer, so they are located inside the lip line. In addition, there is a larger spike at roughly 0.6D near the nozzle exit for both heated and cold jets. This location is the place where the wave emanating from the nozzle lip converges at the jet axis. This large spike indicates that the shock wave at this location is not stationary.
A large impact of the inflow perturbations is found near the nozzle exit as expected. The turbulence level rises faster and it reaches the peak level at an earlier axial location when inflow perturbations are added. The impact is smaller further downstream. It appears that the response of the turbulence intensities to inflow perturbations is slightly different in the heated and cold jets. The inflow perturbations reduce slightly the turbulence intensity on the centerline in the cold jet, but the reduction is found on the lip line in the heated jet. The increase of temperature shows less impact on the radial and azimuthal components, as shown in Fig. 12 . The peak of the radial component is 7 located slightly further downstream at roughly 1.4 Xc at both centerline and lip lines, but the azimuthal component has a peak location similar to that of the axial component. The inflow perturbation increases the intensities near the nozzle exit, but reduces slightly the peak magnitude for both components. Figure 13 shows the density fluctuation intensities € (ρ'−ρ ∞ ) /(ρ j − ρ ∞ ) for both cold and heated jets. It can be seen that the density fluctuation intensity covers a much larger radial and axial distance in the heated jet than in the cold jet. The peak location moves inwardly towards the jet center in the cold jet, but it moves outwardly away from the jet core in the heated jet. Figure 14 shows profiles of this intensity along with the velocity fluctuation intensity € u' /U j at several axial locations. It can be seen that the peak intensity of the density fluctuations in the heated jet is much larger than that in the cold jet, whereas the difference between velocity fluctuation intensities at two jet conditions is much smaller. In addition, the difference between the peak locations of the velocity fluctuation intensities is also small in both cold and heated jets. It can be concluded from Figs. 7-9 and Figs. 13-14 that the temperature effect has a much larger impact on temperature and density distributions than on the velocity distributions. Therefore turbulence modeling works well for cold jet conditions may not be satisfactorily extended to heated jets unless the impact of the temperature effect is accounted for. Figure 16 shows pressure spectra at three axial locations with a constant radial 8 distance from the jet axis. It can be seen that the intensity of the screech tone is stronger in the heated jet with a jet total temperature of 600K, but the addition of the inflow turbulence significantly reduces the intensity. Long et al. [24] has also observed in his supersonic jet measurements that increasing inflow turbulence reduces the screech intensity. It is expected that there are always some levels of inflow turbulences in measurements, so we may not see the screech intensity increases in a heated jet with a temperature ratio of two.
The frequency of the screech tone of the heated jet is slightly higher. The increase is in the range of 13% to 25% because there are two screech tones with frequencies very close to each other in the cold jet. The center point of this range is very close to 18%, which is the value predicted by Tam's equation in Ref. [25] . The inflow random perturbations also increase the high-frequency magnitude up to 3D~4D in the axial direction. The heated jet is more sensitive to the inflow perturbations than the cold jet, and the temperature increase elevates mainly the highfrequency components near the nozzle exit, but it has a minimal effect on the low-frequency components. However, the increase is moved to the low-and mid-frequency ranges further downstream. These trends can be also seen in Fig.   18a where the dividing line is located nearer the region with a finer grid resolution. The dividing line is located at 3D above the jet axis in Fig. 18b , where some difference in the range of 2~3dB is found above the nozzle geometry about the dividing line. The mesh is coarse above the nozzle geometry, because there are less than 15 points per nozzle diameter in that region. The comparison between the measurement data and the simulation result that does not include the inflow random pressure perturbations is also shown in Fig.18c . This comparison is better in the region above the nozzle geometry, which is in contrast to what we would expect because a higher turbulence level at the nozzle exit is expected to produce a higher level of pressure fluctuations near the nozzle exit. Two factors may be responsible for the differences above the nozzle geometry. As shown in Fig. 16 , although the inflow pressure perturbations do increase the pressure fluctuation level in the high-frequency region, they reduce screech intensity.
Since the intensity of the screech tone is larger than the intensities of tones with other frequencies, the reduction of the screech intensity will reduce the overall pressure fluctuation level near the nozzle exit. Another possible cause is the coarser grid resolution above the nozzle geometry, which is insufficient to capture the fine scale turbulences and thus underestimates the high-frequency contribution to the near-field overall pressure fluctuation level. to what we have observed in the cold jet as shown in Fig. 18 . Besides the reduction of the screech intensity, the increase of the inflow turbulence also reduces the peak level of the pressure fluctuations and moves the peak location slightly upstream. However, the inflow pressure perturbations increase the fluctuation intensity before 7D in the heated jet, but this increase does not completely counteract the contribution of the strong screech tone shown in the simulation without inflow perturbations near the nozzle exit. Since the perturbation levels used in these simulations are relatively small, it is possible that higher levels of the inflow turbulence would have a much larger impact on the overall distribution of the near-field pressure fluctuation intensity as shown by Long et al. [24] .
Furthermore, the heated jet is more sensitive to the increase of the inflow pressure perturbations than the cold jet, and the increase of jet temperature elevates pressure fluctuation levels in both upstream and downstream locations, but the largest increase is found near 10D, where the centerline peak turbulence intensity is located.
IV. Conclusions
Large-eddy simulations of imperfectly expanded jet flows from a convergent-divergent nozzle with a heated and a cold jet condition have been carried out. Mach wave radiation has been observed in the heated jet, and its propagation direction is close to the angle calculated from Oertel convective Mach number. Increasing the temperature reduces the jet core length, but it has little effect on the shock-cell spacing and shock-cell shape. The 
